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Introduction
°

System Model and Assumptions

Consider a discrete-time linear Gaussian system with initial condition xy and Py:

X1 = ApXg + Bl + 0y,  wg ~ A0, Q)
Vi = CrXpe+ Vi, Vi~ N (0, Ry)

Assumptions:
* (Ay, By) is controllable and (Ag, Cy) is observable
* Qr=0,R.=0,Py>=0
* wg, Vi and xp are mutually uncorrelated

¢ The future state of the system is conditionally independent of the past states given
the current state

Goal: Find Xy; = E[x¢|y1:.x] (MMSE estimator)
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Geometric Perspective: Orthogonal Projection
©0000

Hilbert Space of Random Variables

Key Idea:

* View random variables as vectors in Hilbert space

* Inner product: (¢,n) =E[¢{n]

* Orthogonality: £ L n < E[¢n] =0

¢ Optimal estimate is orthogonal projection onto observation space
Geometric Interpretation:
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Geometric Perspective: Orthogonal Projection
0@000

Time Update

State Prediction:

i1 = E[xg | Y1:p-1]
= E[Ag-1Xk—1 + Br—1 Ug—1 + Wi—1 | Y1:x-1]
= Ap-1X-1k-1 + Br—1Ug-1  (since w1 L y1:4-1)

Covariance Prediction:
Prix-1 = cov(xg — Xgr-1)
= COV[Ag_1 (Xg—1 — Xp—1)k-1) + Wi—1]

N T N
= A1 COV(Xg—1 = Xg—11k-1) " Ap_; + 2Ak-1 - COV(Xf — Xpj—1, Wk—1) + COV(Wg—1)

-
= Ak-1Pr-11k-144_; + Qk-1

HKUST Kalman Filter in Three Ways September 21, 2025



Geometric Perspective: Orthogonal Projection
[e]e] Yolo)

Innovation Process

Definition:

ek =Yk — Vkik-1 z=y-§ y
= Y= Projg,_, () ;
= Yk — Projg,_ (Crxy+ Vi) :

. . 0 7 = proi
= Yk — Cr - projg,_, (xx) — projg,_ (vi) w ¥ =PolwY
= Yk — CXkjk—1
Properties:

e Zero Mean: E[ex] =0
* White Sequence: [E[eke].T] =0fork#j
¢ Orthogonality Principle: [E[ekij] =0forj<k
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Geometric Perspective: Orthogonal Projection
[e]ele] Yo)

Measurement Update

State Update:
X1k = Projgy, (X
= Xpjk-1 + Keex
= Xkik-1 + Ke(Vk — CeXgi-1)
Covariance Update:

Py = cov(xg — Xi)
= coV(xg — Xk k-1 — Kiex)
= COV(X — Xkjk—1) — 2Kkcov(Xg — Xijk—1, €x) + Kicov(er) KkT
= cov(xx — Xkk—1) — 2KeCov(xk — Xgjk—1, Vi — CiXgk—1) + Kecov(yi — Cdiigi—1) K|
= Pyjk—1 — K CkPigi—1 — Pigk—1 CL KT + Ki(CePiyr—1 CL + ROK]
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Geometric Perspective: Orthogonal Projection
0000e

Kalman Gain Derivation

Optimal Kalman Gain:

otr(Pyx)

= _2Pk|k—1 C,;r + ZKk(CkPk|k_1 C,;r +Ri) =0
oK,

Ki = Piji-1 Gl (CePi-1 CL + Ri) ™!

Covariance Derivation:

Pk = Prjk—1 — K CrPrji-1 = (Pgﬁc_l + C,IREICk)_I
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Probabilistic Perspective: Bayesian Filtering

Bayesian Filtering Framework

P(Xkly1:k Un:k)
= Xkl Yie Y1:k-1, Un:k)
_ Pkl Xk Y1:k-1, Ur:k) - POkl Y1ik-1, Un:k)
B POV, t:0)
=1 Pl Xi) - Xkl Y1:k-1, Ur:1)

= TI'P(J’kak)~fP(Xk,xk—1IJ’1:k—1,u1:k) dx—1
= n'p(ykbck)'fp(xk|xk—1»J’1:k—1»ul:k)'p(xk—1|)/1:k—1»u1:k) dxg—1

=10 pWlx) 'fp(xkbck—l,uk)’P(xk—lb/l:k—l:ul:k—l) dxi-1
H,—/ ~ ~ s - ~ S

observation model motion model previous belief
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Probabilistic Perspective: Bayesian Filtering

Prediction Step: Gaussian Propagation

Pkl yr:ieo tr:k) = 0N Vi CreX Rk)‘fJV(xk;Ak—lxk—l"'Bk—luk—l» Qx-1) AN (Xg—1; X1, Pr—1) dxy—
Predicted Mean:
Xik-1 = ElAg-1Xk—1 + Br—1Ug-1 + Wi—1]
= Ag-1E[Xg-1] + Br—1 Ug—1 + E[wp-1]
= Ap-1X-1+ Br-1 U1
Predicted Covariance:
Ppjk-1 = COV[Ag—1 Xg—1 + Bj—1 Ug—1 + Wk-1]
= COV[Ag—1Xf-1] + cov[wy_]
= Ap-1covixp_1]A]_ | + Q-
= A1 P AL, + Qi
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esian Filtering

Update Step: Gaussian Product

PXklyi:ko Ui:k) =1+ N Wi CieXi, Rie) » N (X Xk k-1, Prik—1)

Gaussian Product:
N (X1, Z) o< N (X 11, 21) - N (X, 42, Z2)
=3+ 5!
p=2E 25 )
Posterior Result:

Xk = Xk-1 + Ke(Vk — CeXge—1)
Ky = Prijp—1 C]-Cr(CkPklk—l C,I +R™!
Py = (I = Kk C) Pyj—1
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Optimization Perspective: MAP Estimation
@000

Maximum A Posteriori Formulation

MAP Estimation:
Xk = argmax p(xi | yi:x)
=argmin [—log p(xk | y1:6)]
Weighted Least Square:
E) = lAk1x—blIs =x" Al Z A1 x-2b" 7 A x+ b 27D

V& =2A] 2 Ar1x—2A] 27D
i=A 2 AT AL =D
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Optimization Perspective: MAP Estimation
0000

MAP as Weighted Least Squares

Posterior Distribution:
P | y1:0) < p(yie | X1 pxie | Yr:ie-1)
Assume Gaussian Distributions:
P | y1:6-1) = A (X5 Xkjk-1, Prik-1)
Pk | xk) = N (yi; Ciexx, Ri)

Negative Log-Posterior:

1 1 N
~logp(xi | yr:i) o S lyie— Ckxk”i—l 5 1%k = X1 II%}H
xklk 1
Re O ]

SRSl
0 Pyi-1
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Optimization Perspective: MAP Estimation
0000

MAP Solution

Weighted Least Squares Form:

Ck] Yk ] R, O ]
A —1 = ) b— A~ ) =
ST Xkk-1 0 Pri-1
MAP Estimate:

. _ -1 _

Sge= (AL, A1) AL Z7'D

-1
:(C,IR;C;ﬁ I;I}c—l) (CIIREIJ’k+PI;|}c—15Cka—1)
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Optimization Perspective: MAP Estimation
felelel ]

Equivalence Proof

Using Matrix Inversion Lemma:
_ _ -1 _ _ A
Xk = (CI—CFRkl Ci+ Pkl}c—l) (C;Rklyk + Pkl}c—lxldk—l)
= Xijk-1+ Prik—1C (CePiik—1 CL + Ri) ™ (ke — Ciekgie—1)
Proof:
-1
(CTRE G+ Py ) CLRE = Pagger G (CiPagi 1 CF + R

This shows the equivalence between the MAP solution and the Kalman update.
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Conclusion

Theoretical Insights and Extensions

Key Insights:

* Geometric: Reveals orthogonality principle and innovation process

* Probabilistic: Shows optimality under Gaussian assumptions

¢ Optimization: Connects to weighted least squares and regularization
Unified Algorithm: All approaches yield the same recursive equations:

Xkik-1 = Ak—1Xk-11k-1

Piji—1 = A1 P11 AL+ Q

Ky = Piyi-1C; (CePyip-1 G + B!
measurement update { Xy = Xxk-1 + K Vk — CrXje—1)
Py = (I = K Ci) Py -1

time update {

Extensions:
* Nonlinear systems: EKE UKE particle filters
* Non-Gaussian noise: robust Kalman filters
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Thank you for listening !

Zirui Zhang
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